Azimuthal electric field in a static rotationally symmetric (2+1)-dimensional spacetime by Cataldo, M



































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2attention on a complete description for all electrostatic
and magnetostatic spacetimes in (2+1)-dimensions and
on the Einstein-Maxwell theory for cylindrically static
spacetimes.
In (3+1)-dimensions the Maxwell tensor and its dual
are two-forms, but in (2+1)-dimensions the Maxwell ten-







(a; b; c = 0; 1; 2). This means that the du-
ality transformation which takes place for the Reissner-
Nordstrom-Kottler black hole does not take place for
(2+1)-dimensions.
Now we shall study the three-dimensional Einstein-
Maxwell theory for any static spacetime which depends
only on a unique spacelike coordinate. The fundamental
metric which describes any such static (2+1)-dimensional
spacetime manifold may be written (in the coordinate
system which employs the Killing parameter, t, as one of






























(c = 0; 1; 2), being 
c
a timelike
Killing vector eld. By an appropriate change of coordi-
nate the orthogonal part to 
c
may be converted into a
diagonal form (see for example [18]) and then the met-














































i.e. the Maxwell tensor has only three independent com-
ponents: two for the vector electric eld and one for the
scalar magnetic eld.



























The components of the electric and magnetic eld mea-







. Then, the (2+1)-Maxwell


























The stress tensor of the electromagnetic eld we shall

































since there is an ambiguity in the denition of the gravi-
tational constant G (there is no Newtonian gravitational
limit in (2+1)-dimensions).


































































































Then we have the following non-trivial components for
























































































where the prime denotes the dierentiation d=dr.
Now we must consider the Maxwell equations. The








































































are constants of integration).
Although for these (2+1)-dimensional solutions no du-
ality rotation exists, there is a duality mapping which
connects the electric eld E
(1)
and the scalar magnetic
eld B
()
. Eectively, from (12){(17) we see that the
3Einstein-Maxwell equations are invariant under the du-
ality mapping










Notice that from the Einstein-Maxwell equations we con-




or the magnetic eld B
()
must be zero, i.e. we can not have any superposition of
these elds in any three-dimensional static spacetime.



































= 0 may be obtained by us-















From these equations we conclude that we have a two-




































= 0 completes the solution of
the (2+1)-static Einstein-Maxwell problem. It is inter-
esting to note that the Maxwell equations do not x the
form of the E
(2)
component of the electric eld and that
this is done by the Einstein equations. This situation
also takes place for the magnetic eld in the Reissner-
Nordstrom solution in (3+1)-dimensions.
We now shall nd the solution for any static (2+1)-
dimensional spacetime, and for the electric eld compo-
nent which is not related to the scalar magnetic eld by




















This system can be solved exactly if we suppose, without
any loss of generality, that e













from which we obtain the following solutions:














where C, D and F are integration constants. Re-scaling
the x
1








































from here we see that F  0.
 For  =  1=l
2





















































 For  = 1=l
2























































G is a constant of integration and we have intro-
duced the parameter l related to  for further use.
From now on we shall assume the spacetime to be stat-
ically and rotationally symmetric, implying the existence
of a timelike Killing vector  = @
t
and a spacelike Killing
vector  = @
'





(the radial coordinate) and x
2
= ' where  1 < t <1,
0 < r < 1 and 0 < ' < 2. In this case E
r
(r) is the
radial electric eld, E
'
(r) is the azimuthal electric eld
and B(r) is the scalar magnetic eld.
The rotationally symmetric spacetimes may be classi-
ed as follows: For the radial electric eld we have the
BTZ solution (3), which is obtained from (21) by identi-
fying C =  M and  =  1=l
2
. For the scalar magnetic
eld we have the HW solution (4), which is obtained
from (23) by making the same identications for C and
, and re-scaling the r-coordinate.
The case for the azimuthal electric eld has not been
studied up to now. For this case we shall consider a
particular solution given by
~
G = 0. In this case the ob-
tained solutions take a simple form. Eectively, making

2
= C sinh(2r=l)+D cosh(2r=l) and 
2
= C sin(2r=l)+























for  =  1=l
2
(the plus sign) and  = 1=l
2
(the minus
sign) respectively. In this case the azimuthal component







. If  = 0,
we have a particular metric of (28) specied by F = 1.
On the other hand, if q = 0 and  =  1=l
2
< 0, the
vacuum state is obtained, namely, what is to be regarded
as empty anti-de Sitter space.
It is interesting to note that these solutions are related
to a subset of solutions to the gravitating O(3)  model
in (2+1)-dimensions [19].





) on the time-independent cylindrically
symmetric spacetimes when the Einstein-Maxwell theory
is considered. Any cylindrically static spacetime admits




































































is a radial electric eld, E
(2)
is an azimuthal
electric eld and B
(3)
is a magnetic eld along the z di-
rection (we can include here for example an electric com-
ponent E
(3)
pointing along the z direction but this com-
ponent is related by a duality rotation to B
(3)
). These
components of the electric and magnetic eld are mea-
sured by a locally lorentzian observer in the orthonormal









































































































































































































































































where the prime denotes the dierentiation d=dr. The





























are constants of integration).
From eqs. (41)-(46) we see that, under the following
duality mappings, the Einstein-Maxwell equations are in-
variant:



























We conclude from the cylindrical Einstein-Maxwell
equations that we can not consider simultaneously all
components for the electromagnetic eld given by (39),
and thus we have that either the radial, or the azimuthal
electric eld, or the magnetic eld must be zero.
Thus all the considered solutions may be obtained from
just one given solution. Witten [20] obtained the solution
for a magnetic eld along the z-axis for  = 0. In this



























with A, B and m constants.
We shall consider in detail one particular solution for this
metric: the well known Melvin-Bonnor universe, which















































. This metric may be
















































5with C a constant, q
m









). If we apply the corresponding duality map-

























































Notice that in [21] the authors did not consider (53).
They only considered the Melvin-Bonnor universe with a
purely electric or a purely magnetic eld pointing along
the z direction, which are connected by a duality ro-
tation. We must note that eq. (53) coincides with the
solution (2.3) given in [22]. The magnetic counterpart
of the solution (53) in AdS background is given in [23].
Here the range of the coordinates dictates the topology of
this solution. We can have cylindrical, planar or toroidal
topology. For instance, a cylindrical topology has the
range 0 < r <1, 0 < ' < 2, and  1 < z <1.
It is interesting to note also, that the metric (52) is
related to the 4-dimensional AdS soliton [24] with an
electric eld (in this case C = 0 and  =  3=l
2
). The
magnetic soliton is connected to the electric one by a
duality rotation. The corresponding AdS black hole may
be obtained from (52) (with C = 0 and  =  3=l
2
) by
the duality mapping (49) and after one must analytically
continue the obtained metric, t  ! iz and z  ! it.
In conclusion, in a static rotationally symmetric (2+1)-
dimensional gravity only the electrostatic spacetime with
a radial electric eld is a black-hole solution; the self-
consistent gravitational elds with azimuthal electric or
scalar magnetic eld are not black-holes. In this case
we also can not have a superposition of a radial elec-
tric eld with an azimuthal electric nor with a magnetic
eld. Then we have the situation analogous to (3+1)-
dimensional cylindrical static gravity considered above,
where any superposition of the electromagnetic compo-
nents given by (39) is not suitable. The above situation





in Einstein-Maxwell theory for cylindrically symmetric
spacetimes. On the other hand, the magnetic Melvin-
Bonnor universe (as well as the solution with an az-
imuthal electric eld) is not a black hole; while the elec-
tric Melvin-Bonnor universe (53) with a radial electric
eld and  = 0 has a cosmological horizon as well as the
electrovacuum (2+1)-static solution found in [4], which
is the same solution (3) for  = 0. From (53) we see
that if  < 0 we have a cylindrical charged black hole
or black string [22], for which the BTZ solution (3) is
the (2+1)-dimensional absolute analog. Furthermore, if
q = 0, we have a black string solution only because we
have included a negative cosmological constant and then
this spacetime is asymptotically anti-de Sitter as well as
occurs in (2+1)-dimensions.
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